A dominating set S of a graph G is called efficient if |N [v] ∩ S| = 1 for every vertex v ∈ V (G). That is, a dominating set S is efficient if and only if every vertex is dominated exactly once. In this paper, we investigate efficient multiple domination. There are several types of multiple domination defined in the literature: k-tuple domination, {k}-domination, and k-domination. We investigate efficient versions of the first two as well as a new type of multiple domination.
Introduction
A dominating set S of a graph G with the smallest cardinality is called a minimum dominating set and its size, the domination number, is denoted by γ(G).
If every vertex is dominated exactly once by S ⊆ V (G), that is, for every vertex w ∈ V (G) we have |N [w] ∩ S| = 1, then S is called a perfect code in Biggs [5] or an efficient dominating set in Bange, Barkauskas, and Slater [1, 2, 3, 4] . Most graphs do not have an efficient dominating set (for example, the four-cycle), and Bange et al [1, 2] introduced the following efficiency measure for a graph G. The efficient domination number of a graph, denoted F (G), is the maximum number of vertices that can be dominated by a set S that dominates each vertex at most once. A graph G of order n = |V (G)| has an efficient dominating set if and only if F (G) = n. For the tree T 1 of order n = 5 in Figure 1 , we have F (T 1 ) = 4. Note that the cardinality of S does not matter, so we can use S 1 = {v 3 } or S 2 = {v 1 , v 4 } to achieve F (T 1 ) = 4. [12] defined the influence of a set of vertices S to be I(S) = s∈S (1 + deg v), the total amount of domination being done by S. Because S does not dominate any vertex more than once if and only if any two vertices in S are at distance at least three (that is, S is a packing), we have F (G) = max{I(S) : S is a packing}. On the other hand, if every vertex must be dominated at least once, the redundance R(G) defined in [12] equals the minimum possible amount of domination possible, R(G) = min{I(S) : S is a dominating set}.
As introduced by Harary and Haynes [13] , a k-tuple dominating set D is a set D ⊆ V (G) for which |N [w] ∩ D| ≥ k for every w ∈ V (G). Note that we must have the minimum degree δ(G) ≥ k − 1 for a k-tuple dominating set to exist. The k-tuple domination number γ ×k is the minimum cardinality of a k-tuple dominating set. We define a graph G to be efficiently k-tuple dominatable if it has a vertex set D with |N [w] ∩ D| = k for every w ∈ V (G). The k-tuple efficient domination number is F 1,k (G) = max{I(S) : |N [w] ∩ S| ≤ k for all w ∈ V (G)}, the maximum amount of domination done by a set S that dominates no vertex more than k times, and the k-tuple redundance number is R 1,k (G) = min{I(D) : D is a k-tuple dominating set}.
For k = 2, efficient double-dominatable graphs have been studied by Chellali, Khelladi, and Maffray [6] . A set S is a double dominating set if |N [u] ∩ S| ≥ 2 for each u ∈ V (G). A graph G has an efficient doubledominating set S if and only if for each u ∈ V (G) we have |N [u]∩S| = 2. We define the efficient double-domination number F 1,2 (G) = max{I(S) : |N [u] ∩ S| ≤ 2 for each u ∈ V (G)}, the maximum possible amount of domination done by a set S that does not dominate any vertex more than twice. Likewise, we define the 2-redundance number R 1,2 (G) = min{I(S) : S is a double dominating set}.
One can consider the characteristic function f S associated with each S ⊆ V (G), where f S (v) = 1 if v ∈ S and f S (v) = 0 if v ∈ V (G) − S. For example, Farber [8] investigated the problem of determining when the linear programming formulation of the domination problem would provide an integer solution. Let f :
The fractional domination number γ f (G) is the minimum weight of a fractional dominating function. For another example (see [7] ), a function g :
The minimum weight of such a function is denoted by γ {k} (G). Note that {k}-dominating functions dominate each vertex at least k times, while taking on integer values from 0 to k, as opposed to k-dominating functions, which take only the values of 0 or 1. In k-domination, introduced by Fink and Jacobson [9] , only the vertices w ∈ V (G) − D must be dominated at least k times, however, in this paper, we do not focus on this type of domination and instead focus on all vertices being dominated k times.
Bange, Barkauskas, Host and Slater [4] and Goddard and Henning [10] extended the study of dominating functions to functions with values in an arbitrary subset Y of the real numbers R. In general, if f : f (x) ≥ 1 for every w ∈ V (G). As defined by Bange, et al [4] , a dominating function f :
f (v) = 1 for every w ∈ V (G). As noted in Bange et al [4] , for the tree T k in Figure 2 there is a unique efficient dominating function, namely,
In particular, the class of efficiently Y k -valued dominatable graphs properly contains the class of efficiently Y k−1 -valued dominatable graphs. See [4] for examples of graphs that are not efficiently R-valued dominatable.
In this paper, we introduce a new type of domination, (j, k)-domination. There is a natural connection between k-tuple and {k}-domination (or {0, 1, . . . , k}-valued k-tuple domination). If we require every vertex to be dom-
, and let the function f take on values in the set {1, 2, . . . , j} where 1 ≤ j ≤ k, then f is a (j, k)-dominating function. The minimum weight of such a function is the
Ordinary domination can be obtained by letting k = 1 (γ 1,1 (G) = γ(G)). As mentioned above, for (j, k) = (1, 2), we have double domination and for (j, k) = (2, 2), we have {2}-domination. We must take k ≥ 3 for new variations on the theme of multiple domination. 
In this paper we also introduce the notion of efficiently {0, 1, . . . , j}-valued k-tuple dominatable graphs. The efficient (j, k)-domination number, Figure 3c is efficient.
As indicated in Figure 4 , the graph G3 has an efficient double dominating set, F 1,2 (G3) = 2n, but it does not have an efficient dominating set. In fact, F (G3) = F 1,1 (G3) = 14 < 15. Note that the star K 1,t of order n = 1 + t with t ≥ 2 has an efficient dominating set, but does not have an efficient double dominating set. In fact, F 1,2 (K 1,t ) = t + 3 < 2n.
G3
Figure 4: The unicyclic, bipartite graph G3 with an efficient double dominating set and no efficient dominating set.
Generalizing results in [4, 16] , we get the following obvious results. As usual, δ(G) denotes the minimum degree of a vertex in G.
Henceforth, we assume
In particular, if G is efficiently (Y 1 , k) 
In Proof. Let f S be the characteristic function of the efficient dominating set which has the value of 1 at any vertex in the set S and the value of 0 otherwise. Then the function g which assigns
The graph G4 of order n = 20 has the efficient (2, 2)-dominating function as indicated in Figure 5 , so F 2,2 (G4) = 40 = 2n. However, F (G4) = F 1,1 (G4) = 19 < n, thus G4 does not have an efficient dominating set. Also F 1,2 (G4) = 37 < 2n, thus G4 does not have an efficient double dominating set.
As with the example in Figure 5 , the converse to Corollary 7 does not hold in general. However, if the graph is a tree or union of trees, then the converse to Corollary 7 does hold. Theorem 8. If a forest T of order n has F j,k (T ) = k · n using f : V (T ) → {0, 1, . . . , j} for some j ≤ k, k ≥ 2, that is, T is efficiently (j, k)-dominatable, then T has an efficient dominating set S where S ⊆ {z ∈ V (T ) | f (z) ≥ 1}. Proof. Consider the cases where T is a tree of diameter at most three. The theorem is easily seen to hold affirmatively for paths P 1 , P 2 , P 3 , and P 4 , and for stars K 1,t for t ≥ 3, and the double-stars S a,b with 1 ≤ a ≤ b and
We can prove the theorem by induction on the order n of the forest T , and by the above we can assume that each component of T has diameter at least four.
Select vertices u and y in the same component of T such that the distance d(u, y) is maximized, and let u, v, w, x, . . . y be the u − y path in T . Case 1. Assume f (u) = k. Then f (v) = 0, and if z ∈ N (v) − u, then f (z) = 0 (that is, if z ∈ N 2 (u) then f (z) = 0). Let T * = T − {u, v}, and let f * : V (T * ) → {0, 1, . . . , k} be the restriction of f to T * (that is, f * = f | T * ), so f * (z) = f (z) for all z ∈ V (T * ). Because f * is an efficient (k, k)-dominating function for T * , by induction T * has an efficient dominating set
Because f * is an efficient (j, k)-dominating function for T * , by induction T * has an efficient dominating set S * ⊆ {z ∈ V (T * ) | f * (z) ≥ 1}. Now, S * ∩ N (w) = ∅, and S * ∪ {v} is an efficient dominating set for T with
In this case we consider T to be rooted at y. , u 1 , . . . , u p , v 1 , . . . , v p }, and again let f * = f | T * Because f * is an efficient (j, k)-dominating function for T * , we have an efficient dominating set S * ⊆ {z ∈ V (T * ) | f * (z) ≥ 1}. If x ∈ S * , let S = S * ∪ {u 1 , . . . , u p }, and if x / ∈ S * then let S = S * ∪ {v 1 , u 2 , . . . , u p }. Then S is an efficient dominating set for T with S ⊆ {z ∈ V (T ) | f (z) ≥ 1}. Figure 6 : A rooted tree Corollary 9. Every efficiently (j, k)-dominatable tree has an efficient dominating set. If there exists one t ≥ 1 such that the tree T is (t, t)-efficiently dominatable, then T is efficiently (k, k)-dominatable for every k ≥ 1.
Regular graphs
For the 7-regular graph J in Figure 7 , note that {v 1 , v 2 , v 3 , v 4 } = S is an efficient double dominating set and that V (G) − S is an efficient 6-tuple dominating set. This graph J has diameter two, so F 1,1 (J) = 8 < 16, and J is not efficiently dominatable. It follows from the next theorem, that J is not efficiently 7-tuple dominatable.
Theorem 10. For an r-regular graph G and 1 ≤ k ≤ r, G is efficiently Proof. Let S be an efficient (1, k)-dominating set. Then < S > is regular of degree k − 1, and each vertex in V (G) − S is adjacent to exactly k vertices in S. Thus, < V (G) − S > is regular of degree r − k, and each vertex in S is adjacent to exactly r − (k − 1) vertices in V (G) − S. It follows that V (G) − S is an efficient (1, r − k + 1)-dominating set.
Minimum efficient (j, k)-dominating functions
Theorem 11 (Bange, Barkauskas, Slater [3] ). If G has an efficient dominating set S ⊆ V , then |S| = γ(G). In particular, all efficient dominating sets have the same cardinality.
We first generalize Theorem 11 to vertex sets S that dominate every vertex exactly k times, graphs with
Theorem 12. If G has an efficient k-tuple dominating set S ⊆ V , then |S| = γ 1,k (G). In particular, all efficient k-tuple dominating sets have the same cardinality.
Proof. Let S ⊆ V (G) be an efficient k-tuple dominating set. By definition, we have γ 1,k (G) ≤ |S|. Let D ⊆ V (G) be a minimum cardinality k-tuple dominating set (a γ 1,k (G)-set) . Each v ∈ S has |N (v) ∩ S| = k − 1, and each v ∈ V (G) − S has |N (v) ∩ S| = k. In particular, each v ∈ D − S has exactly k edges connecting it to S. Let x ∈ S − D, and let 
Using the above theorem, we can generalize to graphs G which are efficiently (j, k)-dominatable, that is, graphs G with F j,k (G) = k · n. Proof. Let f be an efficient (j, k)-dominating function and let g :
Let R be the set of vertices in V (G) with nonzero weight under the function f , R = {v ∈ V (G) : f (v) ≥ 1} and B = {x ∈ V (G) : g(x) ≥ 1}, and let W = V (G) − (R ∪ B) ). We construct a graph H on w(f ) + w(g) + |W | vertices as follows. Replace each v ∈ R−B by a clique on f (v) "red" vertices; replace each x ∈ B − R by a clique on g(x) "blue" vertices; replace each y ∈ R ∩ B by a clique on f (y) + g(y) vertices with f (y) of them considered to be "red" and g(y) to be "blue"; and replace each w ∈ W by one vertex in H. So |V (H)| = w(f ) + w(g) + |W |. Thus for each vertex z in G we have a corresponding clique K z in H with 
In G, the function f is a k-tuple dominating function, and so we have,
Fractional connections
In Grinstead and Slater [12] and Rubalcaba and Walsh [14] , efficient fractional dominating functions were investigated. A fractional dominating function f :
f (u) = 1, for every v ∈ V . Domke, Hedetniemi, Laskar, and Fricke in [7] showed that the fractional domination number can be defined as the following limit: lim k→∞ γ {k} (G) k = γ f (G). Moreover, since the fractional domination number is, in fact, a rational (optimal solutions to linear programs with integer coefficients are rational numbers), there exists an integer k so that
. For example, for C 5 , this integer is k = 3.
In the following, x = [x(v 1 ), x(v 2 ), · · · , x(v n )] t is the column vector representation of the function x : V (G) → [0, 1]. The closed neighborhood matrix, denoted by N , is N = A + I where A is the adjacency matrix and I is the n × n identity matrix. A graph G has an efficient fractional dominating function if and only if N x = 1 has a solution where each x i in [0, 1]. As shown in Bange et al [4] , if a non-negative solution to N x = 1 exists, then it is either unique or there are infinitely many solutions (depending on whether or not N is invertible). In Rubalcaba and Walsh [14] , a graph was defined to be a member of Class null (denoted as Class N ) if no minimum fractional dominating function was a maximum fractional closed neighborhood packing function. Consequently any graph in Class N would have no efficient fractional dominating function (see Figure 9 ). Thus, from Theorem 14, any graph in Class N would have no efficient (j, k)-dominating function, for any choice of j and k. In [14] , several infinite families of graphs were found to be Class N , such as incomplete or complete k-suns and generalized Hajós graphs.
(b)
(c) (a) Figure 9 : Graphs with no efficient (j, k)-dominating functions (for any choice of j and k) and thus no efficient dominating set.
We conclude with the following open questions.
• If for a graph G, there exists an efficient (k, k)-dominating function for all k ≥ 2, then does G have an efficient dominating set?
